Abstract. We describe an algorithm for finding elliptic curves over Q with large rank and nontrivial torsion group. In particular, an example of a curve of rank exactly 10 with a point of order 2 is given. This method seems to suggest that the rank may be large independently of the torsion group.
1. Introduction. Let K be an algebraic number field and E be an elliptic curve defined over K. Then the set of the AT-rational points of E forms an Abelian group and we have the famous theorem of Mordell-Weil stating that E(K) = Etorsion(K)®Z'
(re N0).
The number r is called the rank of E over K. The rank is a major topic of research since many years. One question related to it is whether there are elliptic curves of arbitrarily large rank over a fixed algebraic number field. Because of the difficulty of this problem, one restricts oneself to the case K = Q. In 1954 Néron [7] succeeded in proving that there exist elliptic curves over Q with r > 11, but his proof does not yield any explicit examples. The following table gives a survey of examples that have been found up to now. Penney & Pomerance [9] r ^ 7 1977 Grunewald & Zimmert [3] r > 8 1977 Brumer & Kramer [1] r > 9 1979 Nakata [6] r > 9 1982 Mestre [5] r > 12
The exact rank of these curves is not known, except that Mestre's example yields an elliptic curve of exact rank 12, provided the Birch and Swinnerton-Dyer conjecture, the Weil conjecture and the Riemann conjecture generalized to L-series of elliptic curves are true. All the curves with r > 8 have a trivial torsion group. In this paper, an example with r = 10 and nontrivial torsion group is given.
2. Results of Täte. In the following section, the main results of Täte from [10] are presented. Let K be an algebraic number field and E an elliptic curve over K with a /¿"-rational point of order 2. E can be given the form:
where the discriminant A = b2(a2 -4b) is not equal to 0. Write T for E(K) and define a homomorphism where r is the rank of E over K and \A\ denotes the cardinality of a set A.
Hence, the exact rank of E can be calculated if those values modulo squares are known that can occur as x-coordinates of the points on E (resp. E).
For K = Q, the following theorem yields a great deal of information about ar. is solvable in Z with XY * 0}.
Unfortunately, the solvability of equation (*) is not easy to decide. Nevertheless, Theorem 2 may be exploited to find elliptic curves of a large rank. The idea is to choose first some b composed of many distinct prime factors, and then to find a suitable a such that many of the equations (*) will be solvable. This was done in this way by Penney and Pomerance [8] , [9] . Here, a significant improvement on the method of Penney and Pomerance will be achieved and applied to obtain some high-ranking curves, the exact rank of which can be determined.
For the rest of this paper we take K = Q. We now give two applications of the above theorems. Proposition 1. Let p g P, i.e., p a prime, such that p = 5 mod 8, and let the elliptic curve E be given by E: 72 = X3 + p2X.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use 3. Local Considerations. To get some insight into the solvability of the equations (*) appearing in Theorem 2, we consider them locally, that is to say, we investigate the solvability of is equivalent to (2bYx2 + af = a2 -4b + 4bxy2 for x, y g Q^. is everywhere locally solvable for all divisors bx ofb.
4. Construction. For the following, a2 -4b must not be a square. Let A := {b} U { bx | bxb2 = b, bt g Z and 6, + a + ¿>2 is an integral square} and B be the group generated by A ■ Q*2 in Q*/Q*2. Then \B\ = 2s for some integer s, and the rank of E is not less than s -1, as outlined in [8] . All we have to do now in order to find elliptic curves with large rank is to find a and b such that í is large. Of course, there are infinitely many choices for a and b, and so we impose some conditions on a and b:
(i) b satisfies condition (1) of Theorem 3 with large n. n should be greater than or equal to r -2, if we want to find curves of rank ^ r.
(ii) a satisfies (2) of Theorem 3.
(iii) 0 < a < djb, where d = 10 or so, as suggested by experience.
(iv) For some small primes p, choose a and ¿mod/? such that N '.= ^(F^)! is maximal. This idea may be found already in the article [2] of Birch and SwinnertonDyer on page 7 and, with a more solid foundation, in the article of Mestre [5] .
When we have made some choice for b according to (i) and (iv), we let the computer find the best values for a (i.e., the values for which A is maximal) that satisfy (ii), (iii) and (iv). We now describe an algorithm which efficiently performs this task.
Conditions (ii) and (iv) (for a) can be summarized by a = cx,...,ck mode, where c is the product of 24 and the chosen small primes p of (iv), and 0 < cx < c2 < ■ ■ ■ < ck < c, c,; G N0. In the sequel, we consider only one of the c¡: a = a0:= c, mode.
The algorithm then processes the c,'s one after another. Using (iii), we can reformulate the problem: If ak := a0 + kc (0 < k < kmax, k G N0, kmax depending on d of (iii) and on c) and M:= {bx + b2\bxb2 = b,b¡ e Z), the algorithm has to determine for which indices k the set ak + M contains the most squares.
The following algorithm for solving this problem works substantially faster than the one used by Penney and Pomerance.* Algorithm.
(0) Associate with each k (0 < k < &max) a counter Zk which at the end contains the number of squares in the set ak + M.
(1) Set all counters Zk to 0.
(2) For each divisor ofb consider the sequence äk:= bx + b2 + ak (0 < k < &max) {without loss of generality ä0 > 0), determine all indices kx,..., ke(h ) (e(bx) g N0) such that äk is a square (1 < i < e(bx)), and increment the associated counters by 1. (3) Print all the ak for which Zk is large.
The disadvantage of this algorithm is step (0), because the counters are represented by an array of integers, the length of which is limited by the memory of the computer (this means, e.g., on our Siemens 7.561 that &max < 500,000). We will now explain how to execute in an efficient manner step (2) , which at first sight looks relatively unfeasible.
Let xx,..., xs g Z be the solutions of x2 = ä0 mode, where the x¡ are chosen from a fixed full system of residues mod c. The x¡ can be computed fast, if at the very beginning of the program (i.e., after the input of a, b, c) a table of square roots mode (or mod some factors of c, if c is too large) is computed and stored.
Define y, e N0 (1 < /' < j) by y¡ is minimal such that (i) y, = x¡ mod c,
(ii) y2 > <50.
Then we have äk is a square <=» 3/ g {1,..., s}, / g N0: äk = (y¡ + le)2.
Proof.
" <= " trivial, but one remark: i and / given, there indeed exists a k g N0 such that äk = {yt + lc)2, because (y¡ + le)2 > y2 > <50 and (y, + le)2 = y2 = x2 = â0modc. " => " If àk = e2 for some e g N0 then e2 = äk = â0modc. Hence, there exists an /'g {1,..., s} such that e = x,modc. Because e2 > â0, and because of the definition of y¡, there exists / g N0 such that e = y¡ + le. Define now k¡¡ G N0 by àk,, = (yi +lc)2 (/eN0,l</<j).
Then the indices looked for in step (2) of the algorithm are given by [k,,\l eN0,U/<j]n{xE N0|x < kmax).
"The curves of [9, Chapter 2], were found in 5 seconds, whereas 10 minutes were needed before.
Now there remains the question of how to determine the k,,. To settle this, we fix an ¡e (1,..., s} and abbreviate k¡:= k,,. First compute k0 and, to this end, compute yrLet y i = x¡ + ¡¡e. Without loss of generality, the full system of residues may be chosen so that always /, g N0. According to the definition of y¡, l¡ is minimal such that (Xj + /,c)2 3* <50. Therefore, . Nao -x, /, = entier -I c By this formula, /,, and consequently y¡, can be computed. We get for k0: With regard to r2, we show that of = {Q*2,¿>Q*2}. Let bxQ*2 g ôT with bxb2 = b. is not solvable in R, a contradiction to bxQ*2 G aT.
(ii) bx > 0. By using Lemma 2, one can show that equation (*) is not solvable in Q19 or in Q29.
We now list the x-coordinates of 10 independent points defined over Z. The computer output for this example yields 92 integer points on E. Here a2 -4b is always a prime. This fact leads to the following Conjecture.
Let n be a positive integer. Then there exists a set S = {px,. of primes and an elliptic curve E defined over Q such that (i) rank E(Q) = n, (ii) £torsion(Q) * (0), ( iii) E has good reduction outside S. P" + i} Table 2 
